Abstract. In the present paper a necessary condition for a cyclic extension of the rationals of prime degree / to have an integral normal basis generated by a unit is given. For a fixed /, this condition implies that there exists at most a finite number of such fields. A computational method for verifying the existence of an integral normal basis generated by a unit is given. For 1 = 5, all such fields are found.
Let the field K be a Galois extension of the rational numbers of prime degree /. According to the Kronecker-Weber theorem there exists a positive integer m such that K c Q(m), where Q(m) is the cyclotomic field of wth roots of unity over Q. Let m be the least such integer. In the field K there exists an integral normal basis if and only if m is squarefree (Leopoldt [1] ).
In the present paper the existence of an integral normal basis generated by a unit in a prime extension of rational numbers Q will be investigated. The procedure for solving this problem will be the following.
1. It is obvious that if an element generates an integral normal basis over Q, then its trace in Q is ± 1. We will determine a necessary condition which a positive integer m has to fulfill under the suppositions that K c Q(m), and in the field K there exists a unit e such that TxK/Q(e) = ±l.
We shall prove that for each prime / there exists only a finite number of positive integers m fulfilling this condition. So there is at most a finite number of fields K of prime degree / over Q in which an integral normal basis is generated by a unit.
2. For each field K of degree / over Q the problem of the existence of a normal basis generated by a unit will be solved. This solution will be computational and based on the isomorphism between a subgroup E ç Q(oe), where w = vT, E{yeQ(co) ,N(y) = ±l,y = ±l (modi-co)}, and the group C, of all circulant unimodular matrices of degree /.
Let the field K be an extension of Q of prime degree /. Let there be an integral normal basis in the field K. Let m be the least positive integer such that K c Q(m). Since m is squarefree, there exist distinct primes px, p2, ... , ps such that (1) m=px-p2---ps.
Theorem 1. Let e be a unit in the field K and TxK/Q(e) = ±1. Then Proof. By definition of m it follows that pi is totally ramified in K/Q for all i = 1, 2, ... , 5. So, e = a (mod p;) for some rational integer a, where pi is the prime above pt in K. Therefore, ±1 = TxK,Q(e) = la (xnodpA and ±1 = NK/Q(e) = a1 (mod/),). It follows that
for all i = 1,2,..., s. Therefore, either / = +1 (mod/>-() for all i, or I1 = -l (mod/?,) for all i. D Our aim is to find all fields of given prime degree / over Q in which there exists an integral normal basis generated by a unit. If a unit e e K generates an integral normal basis over Q, then Tr^.^e) = ±1. Hence, by Theorem 1, congruences (2) or congruences (3) hold. We shall give a computational method for verifying the existence of an integral normal basis generated by a unit.
For / = 2, the solution of the problem is trivial. In the following, / is an odd prime.
The field K will be determined by the Galois group
We need some further notation. form an integral normal basis of the field K over Q.
Let C¡ be the group of all unimodular circulant matrices of rank /. Let ax, a2, ... , ot[ be an integral normal basis of the field K defined by (4). Let ßx, ß2, ... , ßt be an integral normal basis of the field K. Then we have (ßx, ß2, ... , ßl) = (ax,a2, ... ,aA-A, where A e C,.
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We shall investigate the set of norms {N(ßß} for all integral normal bases (ßx, ß2, ... , ßA = (q, , a2, ... , a¡) ■ A , A e C¡, for a fixed prime modulus p .
Let E be a subgroup of Q(l), E = {y e Q(l); y isa unit, y = ±1 (modi -oe)}, where oe = v'T. An element y e E can be expressed in the form 2 /-1 y = bxoe + b2oe H-hô^ey
Since y = ±1 (mod 1 -oe) and y = -Trf2(/)/<2(^) (m°d 1 -&>), the following congruence holds: bx+b2 + ---+ b,_x = ±1 (mod/). Hence, for / ^ 2, there exists a unique integer c such that *i +b2 + ---+ bi_x +l-c = ±l.
We define a mapping ep, from £ into a set of circulant matrices of rank / :
for y e E, let Clearly, there is a positive integer a such that (n'x)aeE,(n'2)a£E,...,(n[)aeE.
And so there exist t fundamental units nx,n2,... ,nt of the group E. (Every finitely generated torsionfree module has a basis.) Hence, for any y e E, we have y = (-oe)" • ni1 • t]22 ■ ■ ■ rft , n,cx,c2,... ,cteZ. Let p = I (mod/). Let Z(oe) be the ring of integers of the field Q(l). Let Example 2. In this example, all fields K of degree 5 over Q in which an integral normal basis generated by a unit exists will be determined.
Let K be such a field. Then by Example 1, K c Q(m), where In the field Q(5), t = (I -l)/2 -1 = (5 -l)/2 -1 = 1. (t is the number of fundamental units of the field Q(5).) By computation it can be verified that rjx = I + co -co4 is a fundamental unit of the group E. Put Ax = ®(nx) = Circ5(l ,0,0,1,-1).
Define the sequence of norms Un = NK/Q(ßl)> where (ßx, ... , ß5) = (ax, ... , a5)-A", neZ. Let /j =11. By a direct computation we have that the period dx = 10. Thus, the sequence un is periodic, with the period 10 modulo 11. By means of a computer it has been found that the sequence un assumes these values modulo 11 :
(tt,,...,«10) = (9, 4, 8, 4, 7, 10, 2, 9, 4, 7) .
Hence, the numbers NK/Q(ßx), where (ßx, ... , ß5) = (ax, ... , a5)-A , Aç.
C¡, assume the values ±9, ±4, ... , ±7. (Since A = A^ • A" , n e Z , A0 = Circ5(0, -l,0,0,0) = ep(-C7j).) It follows from above that ßx, for (ßx, ... , ß5) = (ax,... , a5) -Aa -A" , can be a unit if n = 6 (mod 10). Now the sequence un will be investigated modulo 61. In this case, the period dx = 15 . Clearly, it is sufficient to investigate the numbers un , « = 1,6,11.
We have that ux = 50, «6 = 54, uxx = 26 (mod61), which are all different from ±1 (mod 61).
Thus, in the field K c ß(521), [K : Q] = 5, an integral normal basis generated by a unit does not exist.
(d) m= 11-71. In the field Q( 11-71) there exist four subfields K of degree 5 over Q, corresponding to subgroups of the group (Z/11-71Z)* of index 5, the projections of which are surjective:
1. the field Kx corresponding to the subgroup generated by 122, 717; 2. the field K2 corresponding to the subgroup generated by 122, 475; 3. the field K3 corresponding to the subgroup generated by 122, 343; 4. the field K4 corresponding to the subgroup generated by 122, 200.
In all four cases 1-4, the sequence un modulo 61 was investigated. The following values were obtained: w, 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12. 13. 14. 15. In case 4, for n = 10 we have un = 1 (mod 61). In the same manner, w10=ll, «25 = 11 (mod31).
It follows from above that in the field K, K c Q(ll-ll),of degree 5 over Q an integral normal basis generated by a unit does not exist. (11-71 is the least number m such that K c Q(m).)
